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We pro pose a new method for con struct ing a math e mat i cal model of a non-lin ear sys tem in an
auto-os cil  la  tion re  gime. The method is based on the di ver  gence of a vec tor field hav ing a con  -
stant value along the cor  re  spond  ing pe  ri  od  i  cal mo  tion. The vari  ants of the ob  tained model
could be used for de scrib ing nu clear pro cesses that are rep re sented by the sys tems of dif fer en -
tial equa  tions anal  o  gous to that of the pre  sented model.
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IN TRO DUC TION
A math e mat i cal model of a quasi-pe ri od i cal mo -
tion gen  er  a  tor has been pro  posed in [1], where the
model of a lin ear con ser va tive cir cuit gen er a tor is cho -
sen as a pro  to  type
& , det x kx k = ¹ 0
For a sin  gle de  gree of free  dom, the meth  ods de  -
scribed therein lead to the math  e  mat  i  cal model of a
har monic  os cil la tion  gen er a tor  [2]
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This model is called an Andronov-Vita-Hajkin
gen  er  a  tor [2]. It should be noted that us  ing a lin  ear
con ser va tive  cir cuit  as  a  pro to type  for  autogenerator
syn the sis  lim its  the  pos si bil i ties  of  the  pro posed  ap -
proach [1]. The ad di tional draw backs of this ap proach
stem from the fact that the cho  sen non-linearities,
which are iden  ti  cally equal to zero along the so  lu  tion
be  ing south, can  not al  ways pro  vide the iso  la  tion of
this  so lu tion,  or  its  as ymp totic  sta bil ity.  For  ex am ple,
this is true of the fol  low  ing dy  nam  i  cal sys  tem
&
& ( )
x y
y x xy x y
=
= - + + -
2 2 2 1
in which the non-lin  ear term xy(x
2 + y
2 –1) be  comes
zero along the so  lu  tion x = cost, y = sint, which be  -
longs to the class of non-iso  lated pe  ri  od  i  cal mo  tions,
both for the first or  der ap  prox  i  ma  tion sys  tem, and for
the non-lin  ear sys  tem con  structed on its ba  sis.
In this pa per we pro pose a method for con struct -
ing a math  e  mat  i  cal model of an autogenerator with
one de  gree of free  dom, based on cer  tain char  ac  ter  is  -
tics of the di  ver  gence of a vec  tor field re  lated to a dy  -
nam i cal  sys tem  de scribed  by  two  dif fer en tial  equa -
tions. The ap  pli  ca  bil  ity of such a model to nu  clear
pro  cesses is fi  nally pro  posed.
DI VER GENT  CLOSED  TRA JEC TO RIES
Let us dis  cuss a real dy  nam  i  cal sys  tem
& ( , )
& ( , )
x X x y
y Y x y
=
=
(1)
where func  tions X and Y are as  sumed to be  long to the
class C
k, k = 1, 2, 3, ... in an ar bi trary fi nite re gion of the 
R
2 phase plane. A closed tra  jec  tory of the dy  nam  i  cal
sys tem (1) de fined by G: ( ) g x,y =0  is said to be a di ver -
gent closed tra  jec  tory if the divergency of the vec  tor
field de  ter  mined by the sys  tem has a con  stant value
divZ
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where lÎ R. A di ver gent closed tra jec tory can ei ther be 
an iso lated tra jec tory, i. e., a di ver gent limit cy cle, or be 
a part of the curves that cre  ate a con  tin  uum [3-6].
A nec es sary and suf fi cient con di tion for dy nam i -
cal sys  tem (1) to have a sim  ple or com  plex limit cy  cle
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* Cor re spond ing  au thor;  e-mail:  vujsa@ikomline.netis that there ex ists a non-zero func  tion B : R2 ® R+ be -
long  ing to class  such that the dy  nam  i  cal sys  tem
& ( , ) ( , )
& ( , ) ( , )
x X x y B x y
y Y x y B x y
=
=
(2)
has a sim  ple or com  plex di  ver  gent limit cy  cle, re  spec  -
tively. This fol  lows from the  o rems 3 and 4 in [7], with
the dif  fer  ence that in [7] func  tions X and Y are
holomorphic, and func  tion B is cho  sen to be  long to
class C
,4.
A  fur ther  nec es sary  and  suf fi cient  con di tion  for
dy nam i cal sys tem (1) to have a sim ple or com plex limit 
cy cle is that there ex ists a non-zero func tion B : R2 ® R+
be long ing  to  class  Ck and a con  stant lÎ
- + R R ( ) dif  -
fer  ent from zero, so that the curve given by
  divBZ
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has a fi  nite real leg that is a closed tra  jec  tory of sys  -
tem (2). This can be proved by the fol  low  ing ar  gu  -
men  ta  tion. Let  be a sim  ple limit cy  cle of sys  tem (1).
It fol  lows from the pre  ced  ing as  ser  tion re  lated to
equa  tion (2) that there ex  ists a non-zero func  tion B :
R
2 ® R
+ be long ing to class C
k such that for sys tem (2)
the tra jec tory G is a sim ple di ver gent cy cle. As sum ing 
that the mul ti plic ity of the limit cy cle G is not changed 
by pass  ing from sys  tem (1) to sys  tem (2) or vice
versa, if B is a pos  i  tive func  tion, we come to the con  -
clu  sion that there ex  ists a con  stant lÎ
- + R R ( ) dif  -
fer  ent from zero, such that along G equal  ity in eq. (3)
is ful  filled. This de  notes pre  cisely that the curve de  -
scribed by eq. (3) has a fi  nite real leg that co  in  cides
with tra jec tory G, which means that the said con di tion 
is in deed a nec es sary one. The fact that it is also a suf -
fi  cient con  di  tion is dem  on  strated by  the  fol  low  ing. 
Let  there  ex  ist a non-zero func  tion B:R
2 ® R
+ be  -
long ing to class C
.k and a con stant lÎ
- + R R ( ) dif fer -
ent from zero, such that the curve of eq. (3) has a fi nite 
real leg G which is a closed tra  jec  tory of sys  tem (2).
Since func tion B is pos i tive, curve  is also a tra jec tory
of sys  tem (1). Let us as  sume that G is not a sim  ple
limit cy  cle, but a tra  jec  tory be  long  ing to the class of
closed tra  jec  to  ries form  ing a con  tin  uum, or a com  -
plex limit cy  cle of sys  tem (1). In that case, how  ever,
the prop  er  ties of the ex  ten  sion func  tion de  mand that
l equals zero, which con tra dicts the start ing as sump -
tion. This means that G is in  deed a sim  ple limit cy  cle
of sys  tem (1).
Let func tions X and Y be holomorphic in an ar bi -
trary fi  nite re  gion of the R2 phase plane, and let for
some non-zero func tion B : R2 ® R, be long ing to class
C4, the curve de  fined by
¶
¶
¶
¶
[ ( , ) ( , )] [ ( , ) ( , )] X x y B x y
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y
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has a fi nite real leg G that is a di ver gent closed tra jec tory
of sys  tem (2). If  the  func  tion  at  the  left-hand side of
eq. (4) is of a con stant sign in the ex ter nal or the in ter nal
semi-pe riph ery  of  G, then G is a com  plex cy  cle of sys  -
tem (1). This as ser tion fol lows from the Djulak cri te rion 
for a dou  ble-linked re  gion, the holomorphic prop  er  ties
of func  tions X and Y, the prop  er  ties of the ex  ten  sion
func  tion, and from the pre  vi  ously stated as  ser  tion re  -
lated to eq. (2).
It should be noted that there are dy  nam  i  cal sys  -
tems de  scribed by equa  tions in the form of (1) with
com  plex limit cy  cles in in  ter  nal and/or ex  ter  nal
semi-pe  riph  ery for which the vec  tor field divergency
changes its sign. An ex  am  ple of such a sys  tem is
& ( )
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x y x y x y
y x
= + - æ
è
ç
ö
ø
÷ + -
=-
2 2 2 2 1
4
1
with a dou ble di ver gent limit cy cle given by x
2 + y
2 = 1.
It fol lows from this that the part of the o rem 2 in [7] re -
gard ing  the  nec es sary  con di tion  is  false.
DY NAM I CAL  SYS TEM  MODEL
This sec tion pro vides an ex am ple of a dy nam i cal 
sys  tem that serves as a model of har  monic os  cil  la  tion
autogenerators,  dif fer ing  from  the  gen er a tors  of
Andronov, Vitt and Hajkin. Let
& x a x a y a x a x y a xy a y = + + + + + 10 01 30
3
21
2
12
2
03
3
(5)
& y b x b y b x b x y b xy b y = + + + + + 10 01 30
3
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2
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3
be a non-lin  ear dy  nam  i  cal sys  tem with real co  ef  fi  -
cients  aij, bij; i, j = 0, 1, 2, 3. This sys  tem rep  re  sents a
model of si nu soi dal os cil la tion autogenerators (dif fer -
ent from those dis  cussed in [6]) if
a a a a a a a a a b
b b
30 10 21 01 12 10 03 01 01 10
30
6
=- = = - = =-
=
, , , ,
( )
10 21 01 12 10 03 01 , , , b b b b b b =- = =-
The proof of this as  ser  tion rests upon the
Erugin’s the  o  rem, ac  cord  ing to which the nec  es  sary
and suf fi cient con di tion for sys tem (1) to have an in te -
gral curve v(x, y) is that it has the fol  low  ing form
& ( , , ) ( , )
& ( , , ) ( , )
x F x y
y
M x y
y F x y
x
M x y
= -
= +
1
2
w
w
w
w
¶
¶
¶
¶
(7)
where  the  func tions  F1  and  F2  have  the  prop er ties
F1 (0, x, y) = 0, F2 (0, x, y) = 0, and M (x, y) is an ar bi  -
trary func tion. Sup pose that sys tem (5) gen er ates har -
monic  (si nu soi dal)  auto-os cil la tions.  Then  it  must
have an el lipse as its tra jec tory in the phase plane. Let
us as  sume,  for  sim  plic  ity,  that it is a cir  cle given by
x
2 + y
2 = 1. It fol  lows from Erugin’s the  o  rem that the
curve given by w º x
2 + y
2 – 1 = 0 is a tra jec tory of the
sys tem
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where a01 + b10 = 0, be  cause func  tion M(x, y) is the
same in both equa  tions of (7).
Re ar rang ing  (8)  we  ob tain
&
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x a x b y a x b x y a xy b y
y b x b y
= - - - - +
= -
10 10 10
3
10
2
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Since sys  tems (7) and (9) need to be equiv  a  lent,
the  equal ity  of  the  cor re spond ing  co ef fi cients  leads  to
the  fol low ing  con di tion
       a a a a a a a a a
b
b 30 10 21 01 12 10 03 01 01 10
30
10
=- = =- = = -
=
, , , ,
( )
b b b b b b b 10 12 01 12 10 03 01 , , , =- = =-
These equa  tions do not, how  ever, in gen  eral en  -
sure the ap  pear  ance of auto-oscilations in sys  tem (5),
be cause even un der the con di tions of eq. (10) the curve 
given by x2 + y2 = 1 may ei ther be long to the con tin uum 
of closed tra  jec  to  ries, or con  tain the still points of the
dy nam i cal  sys tem.
If the curve x
2 + y
2 = 1 is a tra  jec  tory of sys  tem
(5), then the as  ser  tion con  cern  ing ex  pres  sion (3) can
be used for con  struct  ing a model that gen  er  ates sta  ble
os cil la tions. Ac cord ing to that as ser tion, the tra jec tory
x
2 + y
2 = 1 will cor re spond to a sta ble auto-os cil la tion if 
a non-zero func  tion B : R
2 ® R
+ can be found, along
with a con  stant  l < 0, such that divBZ can be an  a  lyt  i  -
cally pre  sented in the form
¶
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where F is an arbitrary func  tion.
Con sid er ing  the afore men tioned,  we  will  re strain
our at ten  tion to the case when func tion B is given in the
form B x y K x y K ( , ) ( ) , , . = + + > >
2 2 0 0 b b   Then
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Based on these last ex  pres  sions and eq. (11), we
have
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In this way, con  sid  er  ing re  la  tion (11), we come
to the con  clu  sion that sys  tem (9), or more pre  cisely,
sys  tem (5), does model the autogenerators of si  nu  soi  -
dal os  cil  la  tions that are in gen  eral dif  fer  ent from
Andronov-Vitt-Hajkin  gen er a tors,  if
- + + = 2 0 01 10
2 ( )( ) K b a y b
i.  e., if a10 = b01. Sys  tem (9) then be  comes
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Fol low ing  the trend  of  com po nents  min ia tur iza -
tion, the ob  tained re  sult can be ap  plied for the mod  el  -
ing of pho  ton–phonon in  ter  ac  tion within the field of
the  elec tro mag netic  com pat i bil ity  of  multilayer  in te -
grated struc  tures [8, 9]. 
CON CLU SION
We have dem  on  strated that the pro  posed ap  -
proach can be used in autogenerator syn  the  sis, gen  er  -
at  ing not only har  monic os  cil  la  tions, but also the pe  ri  -
od i cal  os cil la tions  of  other  ar bi trary  types.  With
ap pro pri ate mod i fi ca tions, the model could be used for 
de scrib ing  in ter ac tion  of  ion iz ing  ra di a tion  with
phononic ex  ci  ta  tion modes, as well as for the char  ac  -
ter  iza  tion of var  i  ous nu  clear pro  cesses that are rep  re  -
sented by the sys  tems of dif  fer  en  tial equa  tions anal  o  -
gous to that of the pre  sented model.
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KONSTRUISAWE  DINAMI^KOG  MODELA  AUTOGENERATORA
PRIMENQIVOG  NA  NUKLEARNE  PROCESE
U radu se iznosi predlog nove metode za konstruisawe matemati~kog modela nelinearnog
sistema u auto-osciluju}em re`imu. Metoda se zasniva na osobini divergencije vektorskog poqa da
ima konstantnu vrednost du` zadatog periodi~nog kretawa. Varijante ovako dobijenog modela mogu 
da se koriste za opisivawe nuklearnih procesa koji se predstavqaju sistemima  diferencijalnih
jedna~ina analognim sistemu izlo`enog modela.
Kqu~ne re~i: autogenerator, modelovawe dinami~kim sistemima, fononske ekscitacije,
.........................nuklearni procesi